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This work aims at presenting the uniformly clique-expanded graphs and its

results on global defensive alliance and total dominating set problems. Those graphs

are related to Sierpiński graphs [5] and subdivided-line graphs [1]. We show the

minimum cardinality of the global defensive alliance for some particular situations

of uniformly clique-expanded graphs, and we also relate that cardinality to the total

dominating set number for graphs having a path or cycle as the root.
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The uniformly clique-expanded graphs are particular cases of line graphs of

bipartite graphs since we can verify that they are (claw,diamond,odd-hole)-free.

Thus, we presented preliminary results that somehow are important to the well-

known superclass.

Theorem 1: Let 𝐻 be a uniformly clique-expanded graph from a root 𝐺 and a clique

𝐾𝑛. If 𝑛 is even and ∆(𝐺) ≤
𝑛

2
, then 𝛾𝑎 𝐻 =

𝑛

2
𝑉(𝐺) .

Theorem 2: Let 𝐻 be a uniformly clique-expanded graph from a root 𝐺 and a clique

𝐾𝑛. If 𝑛 is odd and ∆(𝐺) ≤
𝑛−1

2
, then:𝛾𝑎 𝐻 = σ

𝑑 𝑣 <
𝑛−1

2

𝑛+1

2
+ σ

𝑑 𝑣 =
𝑛−1

2

𝑛−1

2
, for

all 𝑢 ∈ 𝑉(𝐺), where 𝑑(𝑢) is the degree of 𝑣 in 𝐺.

Now, the next theorem arises from properties in [2,3,4].

Theorem 3: Let 𝐻 be a uniformly clique-expanded graph from a root 𝐺 ∈ {𝑃𝑞, 𝐶𝑞},

𝑞 ≥ 2, and a clique 𝐾𝑛. We have 𝛾𝑡 𝐻 = 𝑞 + 𝑞 mod 2, and if:

i. 𝐺 is a cycle and:

a. 2 ≤ 𝑛 ≤ 3, then 𝛾𝑎 𝐻 = 𝛾𝑡 𝐻 ;

b. 4 ≤ 𝑛 ≤ 5, then 𝛾𝑎 𝐻 = 𝑛

2
𝑞;

c. 𝑛 ≥ 6, then 𝛾𝑎 𝐻 = 𝑛

2
𝑞.

ii. 𝐺 is a path and:

a. 𝑛 = 2, then 𝛾𝑎 𝐻 = 𝛾𝑡 𝐻 − 1 whether 𝑝 ≡ 1(mod 2) or 𝛾𝑎 𝐻 = 𝛾𝑡 𝐻
otherwise;

b. 𝑛 = 3, then, 𝛾𝑎 𝐻 = 𝛾𝑡 𝐻 ;

c. 𝑛 = 4, then 𝛾𝑎 𝐻 =
𝑛

2
𝑞.

d. 𝑛 = 5, then 𝛾𝑎 𝐻 =
𝑛−1

2
𝑞.

e. 𝑛 ≥ 6, then 𝛾𝑎 𝐻 = 𝑛

2
𝑞.

We say that a graph 𝐻 is a uniformly clique-expanded graph if there exist a

graph 𝐺 and a clique 𝐾𝑛 with 𝑛 ≥ ∆(𝐺) (maximum degree of 𝐺) satisfying: (1)

𝑉(𝐻) consists of vertices from 𝐾𝑛
𝑣, which is a copy of the clique 𝐾𝑛, for each vertex

𝑣 of 𝐺, and (2) 𝐸(𝐻) contains edges of all clique copies, and every edge (𝑢)(𝑣)
linking a vertex (𝑢) ∈ 𝐾𝑛

𝑢 to some (𝑣) ∈ 𝐾𝑛
𝑣 since 𝑢𝑣 ∈ 𝐸 𝐺 and no edges coincide

end-vertices in 𝐻 besides the ones inside of cliques. 𝐺 is the so-called root of 𝐻. See

an example in Figure 1.

Figure 1: The graph 𝑯 can be obtained from the root 𝐺 and the clique 𝐾4, and so it is a uniformly clique-

expanded graph.
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Consider 𝐺 = (𝑉, 𝐸) a finite, simple, and undirected graph. We write 𝑃𝑛, C𝑛,

and 𝐾𝑛 for a path, cycle, and clique of the order 𝑛, resp. For the closed (resp. open)

neighborhood of a vertex 𝑣 ∈ 𝑉, we denote it by 𝑁[𝑣] (resp. 𝑁(𝑣)). Analogously,

we use 𝑁[𝑆] (resp. 𝑁(𝑆)) for the closed (resp. open) neighborhood of a vertex subset

𝑆 ⊆ 𝑉. A vertex subset 𝑆 ⊆ 𝑉 is said a dominating set if 𝑁 𝑆 = 𝑉. Moreover, we

call the subset 𝑆 by total dominating set only for 𝑁(𝑆) = 𝑉. Now, 𝑆 is a defensive

alliance if it satisfies 𝑁[𝑣] ∩ 𝑆 ≥ 𝑁 𝑣 ∩ Τ𝑉 𝑆 for every 𝑣 ∈ 𝑆. When 𝑆 is both

a defensive alliance and a dominating set, we say 𝑆 is a global defensive alliance.

We denote 𝛾𝑡(𝐺) (and 𝛾𝑎(𝐺)) as the minimum cardinality of a total dominating set

(and global defensive alliance) of 𝐺.
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